Abstract. A rigorous convergence result is given for a projection scheme for the Navier-Stokes equations in the presence of boundaries. The numerical scheme is based on a finite-difference approximation, and the pressure is chosen so that the computed velocity satisfies a discrete divergence-free condition. This choice for the pressure and the particular way that the discrete divergence is calculated near the boundary permit the error in the pressure to be controlled and the second-order convergence in the velocity and the pressure to the exact solution to be shown. Some simplifications in the calculation of the pressure in the case without boundaries are also discussed.
prove second-order convergence in both velocity and pressure.
The convergence analysis relies on discrete energy estimates. To prove nonlinear stability and consistency, we use an asymptotic error expansion technique due to Strang [15] . The computational velocity is compared to an asymptotic expansion that satisfies the discrete equations for the velocity to a high degree of accuracy. The asymptotic solution for the pressure is chosen so that the comparison velocity satisfies the discrete divergence-free condition to high-order accuracy. This approach, which is similar to that used by Chorin in [4] , allows us to approximately cancel the error in the pressure. Because of the staggered grid we use, the tangential velocity component does not lie on the boundary and so an approximate velocity boundary condition must be introduced. We show that the boundary condition we use, which is of the reflection type, is stable and second-order accurate. Our convergence result includes the case of nonhomogeneous velocity boundary conditions.
In the time discrete case the discrete equation for the pressure cannot be solved directly: we use an iteration scheme similar to that used in [2] and [3] to find the solution. In the case without boundaries, however, we can simplify the equation for the pressure so that it can be solved directly.
It is interesting to note that in the case without boundaries a variant of the timesplit projection method that Chorin introduced can be shown to be equivalent to the one we use here. In the time-split method the velocity is updated in one time step by completely ignoring the pressure term and the divergence-free condition. Then the intermediate velocity is projected onto a divergence-free field, which gives the value of velocity at the next time step. Although this formulation is quite different from our nonsplit velocity-pressure formulation, we show that these two methods are exactly the same.
The organization of the paper is as follows: 2 contains a discussion of the method in the case with boundaries, including a description of the grid used, the semidiscrete equations, and their convergence, and the fully discrete equations and their implementation are described. Section 3 describes simplifications to the method for the case in which there are no boundaries. Preliminary computations that verify the convergence results are given in 4. The technical details involved in the construction of the asymptotic solutions are included in the appendix.
Periodic channel (with boundary). To simplify the analysis and to test
numerical calculations we consider the two-dimensional periodic channel shown in Fig. 1 as a model domain with boundary. The incompressible Navier-Stokes equations are (1) us -u-Vu + vAu-Vp,
V.u=0, where u (u, v) are the velocities, p is the pressure, and is the kinematic viscosity.
Boundary values for u and v are given on the upper and lower walls, and it is assumed that both u and p are 1-periodic in the x-direction. The condition () f=0 fixes the choice of the arbitrary constant in the pressure. Initial data u0 (u0, v0) are given, and it is assumed that V. u0 0. By taking the divergence of (1) we obtain (a) [5] ).
We propose a semidiscrete scheme below and demonstrate its second-order (in space) convergence. A time-discrete version that is second order in both space and time is then considered. Convergence is obtained in the 12 (energy) and maximum norms. Important points in the analysis are that the calculated pressure satisfies (4) and boundary conditions (5) to seco/ad-order accuracy and that the discrete divergence condition on the velocities is satisfied. To handle the nonlinear error terms and the coupling between the velocity and pressure errors, we introduce in the manner of Strang [15] an asymptotic solution that satisfies the equations to a high order of accuracy. Although the analysis is performed for the two-dimensional case for Simplicity, the results extend to the three-dimensional case, and notes on how to modify the proofs are given. A point of additional interest is that the algorithm gives second-order convergence in the pressure. The simplifications to the algorithm for domains without boundaries are given in 3. 
The operators D, D_, and D_ are defined similarly. The centered difference approximation to the Laplacian is denoted by Ah, which can be written as follows: (11) Ah D D_ / D D.
The discrete divergence of a vector field U (U, V) is defined as (12) and the discrete gradient of a scalar field P is given by (13) GPi,j (DPi,j, D P,i ).
Note that although D. U is given in (12) by using one-sided notation, differences are centered on the scalar pressure points and the differences in (]P are centered at the vector velocity points. Also note that no boundary values for P are needed for obtaining the discrete gradient at interior points.
Let (., .) be the 12 inner product defined on scalar fields (i.e., fields defined on the pressure points):
The corresponding norm is denoted by [1. 112. Similar norms and inner products can be defined for vector fields by using the same notation. We restrict our attention first to the case of homogeneous boundary data u v 0. The computational boundary values are given by
Ui,N+ --Ui,N.
Equation (15) [13] and the article by Gresho and Sani [7] concern is expressed over the use of these reflection boundary conditions in the diffusion terms. Our analysis will show that this concern is not justified. Because the reflection boundary conditions are second-order accurate to the physical no-slip conditions, they will only introduce second-order errors into the computation.
Following Anderson [1] , we define the reduced divergence operator D*-as follows: it equals D. at scalar points with 2 <_ j <_ N-1 and at j 1 it is given by (18) and at j N it is given by V/,1 *" 
APi,j D*. Ui,j.
The matrix A is symmetric and has a null space consisting of the constant vectors.
Since the right-hand side of (22) (32) In this subsection the proof of the convergence of the semidiscrete algorithm described above is given. As in the convergence analysis in [10] , an important element is the construction of approximate solutions that satisfy the discrete equations to a high order of accuracy. (36)- (41) Ilfl lgfll2, which is true for all discrete functions f (for a proof see [10] 
This technique is similar to that used by Chorin in [4] . The discrete solution is being compared to an expansion that is chosen to reduce the influence of the pressure error term.
Diffusive terms. These terms could be handled easily except for the boundary conditions (16) and (17) . It will be shown below that these boundary conditions are stable with respect to the diffusive terms. The boundary conditions (16) - (17) 
- The above iteration has a fixed point of (93), (95), as desired. The algorithm described above is similar to that described by Bell, Colella, and Glaz in [2] . For practical computations, several additional questions must be addressed: the use of inflow and outflow boundary conditions, the performance of the method in domains with corners, and the use of curvilinear grids for more general geometries. The analysis presented in this paper has essentially two assumptions, that the underlying flow is smooth and that the computational method used is linearly stable. The convergence of a method that uses inflow and outflow boundary conditions basically reduces to checking the linear stability of the method by using those boundary conditions. This was considered by Naughton in [12] for several kinds of boundary conditions. The smoothness.assumption in the analysis means that our results cannot be applied directly to flows in domains with corners where singularities in the flow can be expected to develop. A projection method can be formulated for such a case (i.e., flow over a step), and it may be possible to observe convergence away from the corner due to smoothing properties of the method. The final extension of interest is to curvilinear grids. The projection scheme based on the MAC grid considered in this paper, which is amenable to analysis, is unfortunately not obviously extensible to curvilinear coordinates. The development and analysis of a projection method for general geometries using other approaches is one of the authors' current research areas. Since the velocity starts out divergence free and the evolution of the velocity is such that it remains divergence free and the discrete operators D. and A h commute in this case without boundaries, the equation for the pressure reduces to
AhP -D. N(U).
This equation is uniquely solvable with the side condition (27).
We now turn to a fully discrete algorithm for the periodic case. The method is similar to the one described in the case with boundaries. It is also in the format of Crank-Nicholson in the diffusive terms and leapfrog in the convective and pressure terms. Again, the pressure is chosen to ensure that the velocity satisfies a discrete divergence-free condition.
The pressure at time step n is computed by using the formula One difference in this case without boundaries is that we have a simple equation for the pressure (103) and do not need to iterate to solve it. The authors believe that a corresponding simplification can be made in the computations in [2] .
There is a final point of interest to make in this section. We will show the equivalence of the algorithm described above and one that can more properly be called a "projection" method. Suppose we are given velocities U n-and some approximation The above method is a fractional-step method because we forget about the pressure when we compute (106) and then correct the error we introduce by projecting back onto the space of divergence-free fields. The claim is that U n+l computed by using (103) and (104) We proceed in the manner of Strang [15] and insert the expressions (33)-(34) into the difference equations (25) and (28) as well as the boundary conditions (15) - (17) and (29), (30). We then expand the finite differences in Taylor series and set the coefficients of powers of h in the resulting expression to zero. What we end up with are equations and boundary conditions for the functions u () and p(). Since the error expansions of all differences involve only even powers of h, we need consider only even powers in the resulting expansion. We obtain the exact Navier-Stokes equations as the zeroth-order term (indicating that the scheme is consistent) and equations of the following form for higher-order terms:
(120) 
at y 0 and y 1. In the above equations f(), g(r), b(), and c () involve derivatives of u, p, u(q), and p(q) for q < r. We consider solving (120) and (121) inductively for r with boundary conditions (122)-(124). These equations have convection terms linearized about the exact solution u and are forced by lower-order terms.
The first question that we need to address is whether the Neumann boundary conditions for p(r) are compatible with the Poisson data for p(r) in the interior. The compatibility condition is where a () -u. Vu + Au and a (2) is the second-order error in the expression -N(fi) + Afa that involves the exact solution u only, i.e., the second-order error in this expression that is not explicitly given in (120). The a's are vector functions, and the subscript denotes the component. In terms of the compatibility (127) we can ignore all terms with x derivatives since they integrate to zero (all functions are periodic in this direction). We use the relation between two functions that differ only by terms with x derivatives. Applying this notation to (4) By integrating the left-hand side of (127) by parts using the expressions above, we see that the compatibility condition is indeed satisfied. The compatibility of the higher-order terms can also be shown. The lengthy details are given in [18] . The next point is how to satisfy (43). By considering (27) as a midpoint-rule approximation of (3) and expanding the error in powers of h (see [14] ) we obtain values for (133) /n p() (x, y) in terms of derivatives of lower-order terms in the error expansion. Since the Neumann problem for p(r) is determined only up to a constant, we can satisfy this condition and so satisfy (43). The third point to consider is the projection of the initial data onto the space of discrete divergence-free fields. We write As the above notation suggests, this error expansion furnishes initial data for (120). To satisfy (35) we introduce an initial pressure with an error expansion and choose it so that it satisfies (22) to high-order accuracy. By applying the Taylor series expansion of the discrete gradient to this pressure, we obtain the terms in the initial expansion (134). Now we need only to address the smoothness of the solutions of (120). We rewrite (120)-(121) as follows:
(135) u ) :P(-u (). Vu-u. Vu () / Au()) + f(), where 7c denotes the projection onto continuous divergence-free fields and f(r) contains additional terms from (121). It can be shown that this equation has smooth solutions, and we refer the reader to the relevant literature [11] , [16] . With this fact the proof of Lemma 2.1 is complete.
A remark on the smoothness of solutions at time t O. It is well known that the solutions of the Navier-Stokes equations are smooth up to time t 0 only under certain assumptions on the initial velocity: it must satisfy certain nonlocal compatibility conditions. A discussion of these conditions is given in the article by Temam [17] . In addition, the smoothness of the terms of the asymptotic error expansion up to time t 0 requires that the initial velocity satisfy additional compatibility conditions. As
Heywood and Rannacher remark in [9] , it is impossible in general to verify that given initial data satisfy these compatibility conditions. Using the smoothing properties of the diffusive term, they prove the convergence of finite-element approximations to solutions of the Navier-Stokes equations without assuming that any of the compatibility conditions are satisfied. We believe that this approach can be extended to the analysis here.
